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Abstract 


In this paper, the analytic sufficient and necessary conditions are 
obtained for the CP conserving two-Higgs-doublet potential to be bounded 
from below by using the co-positivity of tensors. This is achieved by 
treating the potential as a quartic homogeneous polynomial about the 
moduli of the two Higgs doublet fields, where the ‘angles’ is described 
as the misalignment of the two doublets, then solving three minimum 
problems with respect to the misalignment. Finally, the analytic con- 
ditions are established with the help of the corresponding theory and 
methods of higher order tensors. 
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1 Introduction 


The stability model of multi-Higgs potential is very noticeable in par- 
ticle physics community, and such a model itself was first proposed by 
Lee [1] for the two-Higgs-doublet model (for short, 2HDM) in 1973. 
Weinberg [2] gave a general model of multi-Higgs potential in 1976. It 
was studied in hundreds of papers since then, one of the simplest ex- 
tensions of the standard model is the 2HDM. There are many studies 
on the bounded from below (for short, BFB) conditions of the 2HDM 
potential, including CP conservation and CP violation. These results 
are different kinds of analytic conditions of the BFB of such a po- 
tential, for examples, 2HDM with CP conservation in Refs. [3-9], the 
most general 2HDM in Refs. [3,6], 2HDM with CP conservation and 
CP violation in Ref. [5,6, 9-15], 2HDM handled numerically [16] and 
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others references that are no cited here. For the tree-level metastabil- 
ity bounds of the most general 2HDM see Ref. [17]. Recently, Bahl 
et al. [18] presented an analytically sufficient condition of the BFB of 
2HDM with CP violation. However, there are not a simple analytic 
sufficient and necessary conditions even for 2HDM to be bounded from 
below until now. In this paper, we will try our best to give a argument 
technique to solve this problem, and provide a simple analytical ex- 
pression (Theorem 1) of the bounded-from-below for 2HDM with CP 
conservation. 

It is well-known that for the 2HDM with explicit CP conservation, 
all couplings of the Higgs potential are real [1, 3, 14, 17]. The scalar 
potential of such a 2HDM with Higgs doublets Φι and 6» is 

Vg ($1, 95) =V2(P1, 95) + V4(9,, 65) 

V; ($1, 9) «mi; |i? + πιδα|α|᾽ — mi; (919 + 8381) 
γι(δι, D2) --λι]δι [ή + Ag|®2|* + As] ^| o5]? 
s à Nta i (1) 
+ A4(9105)(059,) + 5 (e18)? + (8381)? 
+ Ag|®1|? (0195 + 9591) 
+ Az| 95] (8185 + 381), 


where $* is Hermitian conjugate of ®. The the BFB of the scalar 
potential in the 2HDM is considered only the non-negativity of the 
quartic part V4 [14], i.e., V4(®1, $5) > 0. 

In this paper, with the help of the corresponding theory and meth- 
ods of higher order tensors, we mainly present the sufficient and nec- 
essary conditions of the BFB for the 2HDM potential with explicit CP 
conservation. That is, our main result is the following: 


Theorem 1. Let Λι > 0, Ag > 0. Then V4(®1, ®2) > 0 if and only if 
(1) Ag = A7 = 0, A3 + 2 / A1 Ag > 0,A3 + A4 — |As] + 2y A142 > 0; 
(2) A> 0, As + 2V A142 È 0,A3 + A4 — As + 2V A142 20, 

|As / Ao — Az Ay] < 2v Ai As (As + A4 + As) + 2414o V A140, 
(i) — 2y Λιλ» € Na + A4 + As < 6V A149, 

(ii) Λα + Λι + As > 64 Ay Ao and 

[Ae V A2 + Azv M| < 2V MA (As T Ag+ As) — 2442 V M A3, 


where A= 4(12A,A2—12AgA7+(A3+A4+As5)?)? — (Τ2ΛιΛο(Λα +Aqg+ 
As)+36AgA7(A3+A4+A5)—2(A3 +44 +45)’ — 1084142 — 1084242)’. 


2 2HDM potential and Real tensors 


In order to show our main result, we need turn the polynomal V4(®,, ®2) 
about two complex variable into a 4th order symmetric real tensor, and 
then, use some conclusions of tensors to prove our conclusion. 

Let ¢,=|®;|, the modulus of y for k = 1,2. Then 


$10, = pippe” and 959, = pippe”, 


here i? = —1 and p € [0,1] is the orbit space parameter [7,15]. So, we 
have 


V1(®1, Φα) 2A191 + A205 + Λαφ]φῥ + Ap? 9102 
A i -2i 
4 30 2 526240 + pge? θ) 
+ Aegi (dippe + pippe”) 
+ Av lippe” + ó1óspe 7) 
ΞΛιΦΙ + A245 + Aaó193 + Aap? $103 
+ Asp? $2 Q2 cos 20 + 2Agd?¢2p cos 0 + 2A7G341p cos 0 
=Ai 6} + 4203 + (Az + Aap? — Asp”) eio 
+ 2A5 7763 cos? 0 + 2Λορφϊφο cos 0 + 2A7p$3¢1 cos 0. 


Let x = cos0. Then x € [—1, 1] and 


V4(91, 95) 2A191 + A205 + (As + Asp? — Asp?) 6763 


+ 2Asp! ot ba" + 2p (Ag + Λτφλ)φιφαα. @) 
This defines a 4th-order 2-dimensional symmetric tensor .Α(ρ, £) = 
(αιικι) with a parameter p and z: 
1111 =A1, 02222 = Λο, 
01122 ο. + Aap” + Λερ (22? — 1)], (3) 


1 ii 
01112 =p Aspe, 1222 = Avec. 


So the the BFB of the system Vy(®,,®2) may turn into the co- 
positivity of a 4th-order tensor A(p, x). 

The positive definiteness and the co-positivity of a 4th order sym- 
metric tensor are applied to deal with the BFB conditions of the parti- 
cle physics model in Ref. [7]. Recently, In Refs. [19-23], the distinctly 
sufficient conditions were given for the co-positivity of 4th order 3- 
dimensional symmetric tensors, which may be used to the BFB condi- 
tions of scalar potential of the particle physics model. 


9 Co-positivity of Matrices and Tensors 


The co-positivity of a matrix M = (mij) is used to verify the BFB 
of the particle physics model in Refs. [7,8]. A symmetric matrix 
M = (mij) is co-positive if the quadratic form α Mz > 0 for all 
non-negative vectors x € R”. The co-positivity of a 2 x 2 symmet- 
ric matrix M = (mij) was showed in Ref. [24, Lemma 2.1], also see 
Hadeler [25, Theorem 2] and Nadler [26, Lemma 1] for more details. 
A 2x 2 symmetric matrix M = (mij) is co-positive if and only if 


mıı = 0, M22 > 0 and m4» + /m11m»a» > 0. 


The co-positivity of a symmetric tensor is tried to test the BFB 
of the particle physical model in Ref. [7]. A mth-order n-dimensional 
symmetric tensor T = (tiim) (ij = 1,2,...,n, j = L,2,..., m) is co- 
positive [28-32] if the m-degree homogeneous polynomial Tx™ > 0 for 
all non-negative vectors x € R”, where x = (z1,22,---24)! and 

TL 
Tx" = x! epu hy = pe big sig Vi tt Lig 


πα 


Tx”! = (g1,92,::: , Yn)! is a vector with its entiries 


n 


yk = he yes 5 Ios ss 


ioi, ἢ 


Let f(x,y) be a quartic homogeneous real polynomial about two 
variables x, y, 


f(x,y) = αρα” + a12?y + aaz?4? + azry? + aay*. (4) 
Then it gives a 4th-order 2-dimensional symmetric tensor T = (ἔτι) 
with its entires, 
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t1111 = Q9, t2222 = 04, 01122 = ga ls 42 11222 — 4129» 


Assume that ag > 0 and a4 > 0. In Ref. [20], the co-positivity of the 
above tensor T was proved (also see Refs. [33,34]). 


Lemma 1. /20, Lemma 3.1] Let αρ > 0 and a4 » 0. Then f(x,y) 20 
for all x 2 0, y 2 0 if and only if 


(1) A € 0 and aj /a4 + a3 /ag > 0; or 
(2) αι > 0, a3 > 0 and 24/aga4 + a» > 0; or 


(3) A 2 0, [ai yaz — az /ao| € 4 / a9à204 -F2aga44/aga4 and 


(i) —24/aga4 € az € 6,/agaa, 
(ii) a2 > 64/aga4 and 
Q14/04 + a3,/ao > —4y/apa2a4 — 2aga44/a9d4, 


where A = 4(12αραι — 3a1a3 + a2)’ = (72a9a2a4 + 9a1a23a3 — 2a3 . 
27aga2 — 27a?a4). 


4 Bounded-from-below conditions 


In this section, we mainly give the BFB conditions of the 2HDM with 
explicit CP conservation. That is, how to logically establish our main 
result, Theorem 1. 


The quartic part (2) of such a CP conserving two-Higgs-doublet 
potential may be rewritten as follow 


Vi(®1, ®2) 22A5p? 910227 + 2p(Aod1 + Λιῤῥφιφος 
Ε A101 + A205 + (As + Aap? — Asp?) b7¢5. 


If Qı > 0, $2 —0 (or Qı = 0, $2 > 0), then Viz (®1, Bo) = Λιφ! (or 
A2¢4). Without loss of generality, we may assume Λι > 0, A» > 0, 
$1 > 0, 2 > 0 in the sequel. Let 


A = 2A5p°$163, B = 2ρ(λοϕ] + A7¢5)¢1¢2, (5) 


C = Aidt + A205 + [As + (A4 — As) 9710793. (6) 


Then, V4(®,, 2) may be seen as a quadratic function f(x) about a 
variable x € [--1, 1], 


f(x) = Vg(9,,95) = Az? + Βα +C. (7) 


So, if A > 0, then as you can see from the image below, the function 
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f(x) attains its minimum 44952 > at a point z = —# € [-1,1] or 

attains its minimum A+ C € B at a point x = +1 (-& € [-1,1]). 

At that time, the graph-like of f(x) is as shown below: 


Figure 1: Graph of f(x) (A > 0) 


If A € 0, then f(x) attains its minimum A—B+C or A+B+C ata 
point x = —1 (B > 0)orz = 1 (B < 0). At that time, the graph-like 
of f(x) is as shown below: 


Figure 2: Graph of f(x) (A < 0) 


So the following conclusions is easy to be obtained. 


Proposition 2. V4(®1,®2) > 0 if and only if 


C > 0, 
A-B+C>0, 
A+B+C>0. 


Proof. “Necessity”. V4(®,,®2) = f(x) > 0 implies that 


f(0) =C>0,f)=A+B+C>0,f(-1I) =A-B+C20. 


“Sufficiency”. The quadratic function f(x) is non-negative in the in- 
terval [—1, 1] if and only if its minimum is non-negative in the interval 
[-1,1]. The minimum of f(x) is the smallest of the three numbers, 


B AAC— B? 
f( Sad 4A μι 


B 


where E is the unique extreme point if —34 € [-1,1]. Since the 
poin ££ is the minimum point when A > 0, then -8 € [-1,1] 
means 

—2A < B < 2A. 
It follows from Proposition 3 (2) that B = 0. So, C > 0 "e 
fC) = € > 0, and hence, f(x) > 0 n - 0, $1.2 


f(1) = 0. 


The following conclusions is easy to be obtained. For detail proof, 
see Appendix. 


Proposition 3. (1) C > 0 for all φι > 0, ¢2 > 0 if and only if 


Ag + A4 — As + 2V M Ag > 0, A3 +2,/ Ay Ao > 0. 
(2) If -2A € B € 2A for all à1 2 0, à» > 0, then 


As =0, A7=0, A5 >0, ie, B=0,A>0. 
It follows from the equations (5) and (6) that 
A+B+C =2A5p" 02 2 ΞΕ 2p( oo + Λτφὀ)φιφ» 
A191 + A25 + [Aa + (A4 — As) 9716705 
=(A4 + Λο)ΦίΦ2ρ᾽ + 2(Λοόϊ + A7$3)b1 920 
A191 + A203 + A3079 


—ap X bp +c, 

where 
a = (A4 + As)ó105, b = 2(Λοφί + Λτόζφιφ», (8) 
c= Mj + Aad} + Λοφ]φδ. (9) 

For p € [0,1], Let 

s(p) = ap? + bp + c and t(p) = ap? — bp + c. (10) 
So, if a > 0, then the function s(p) reaches its minimum Ld ata 
point o = —4- € [0,1], or attains its minimum c (or a + c + b) at a 


point p = 0 (or 1) (-% € [0,1]). At that moment, the graph-like of 
quadratic function s(p) is illustrated by the following image: 


Figure 3: Graph of s(p) (a > 0) 


If a € 0, then s(p) attains its minimum c or a+b+c at a point p = 0 
(-£ > 4)orp=1(-2 < 4); ifa = 0, then s(p) attains its minimum 
cor b+c at a point p — 0 (b> 0) or p=1 (b € 0). The graph-like of 


s(p) is as shown below: 


Figure 4: Graph of s(p) (a < 0) 


Similarly, if a > 0, then the function t(p) reaches its minimum 
a at a point x € [0,1], or attains its minimum c (or a 4- c+ b) at 
a point p = 0 (or 1) (2- ¢ [0,1]). The graph-like of t(p) is the image 
below: 


Figure 5: Graph of {(ρ) (a > 0) 


if a < 0, then ¢(p) attains its minimum c or a — b + c at a point p = 0 
(2 > 4) or p=1(# < §); if a =0, then t(o) attains its minimum c 
or —b + c at a point p = 0 (b < 0) or p = 1 (b> 0). The graph-like of 


t(p) is the following: 


Figure 6: Graph of t(p) (a < 0) 
Proposition 4. (1) A+B+4+C>0 if and only if 


c 2 0 anda+b+c>0. 
(2) A — B+C 2 0 if and only if 
c2 0anda—b-4-c7 90. 
Proof. (1) “Necessity”. A+ B +C = s(p) > 0 (p € [0,1]) implies that 


s(0) =c>0,s(1)=a+b4+c>0. 


“Sufficiency”. The quadratic function s(p) is non-negative in the in- 
terval [0,1] if and only if its minimum is non-negative in the interval 
(0, 1]. The minimum of s(p) is the smallest of the three numbers, 


b Λας — b? 
) = , S 
2a 4a 


(0), s(1), 


where -i is the unique extreme point if σος € [0,1]. Since the point 


ας is the minimum point when a > 0, then -ᾱ Ε [0, 1] means 
—2a<b<0. 


It follows from Proposition 5 (2) that b = 0. So, c > 0 implies s(—2-) = 
c > 0, and hence, s(p) > 0 if c 0, s(1) > 0. 
Using the same proof, it is easy to show (2). 


So the following conclusions is easy to be obtained. For detail proof, 
see Appendix. 


Proposition 5. (1) c> 0 if and only if 
Ay > 0, A2 > 0, A3 Ισ 0. 
(2) If —2a € b € 0, then Ag = 0, Az = 0, A4 + As > 0, ie., 
b —0,a 20. 
(3) If 2a > b > 0, then Ag = 0, A7 = 0, A4 + As > 0, ie., 
b=0,a>0. 


Next we show a +b + c > 0 for all $1 > 0, $9 > 0. 


Proposition 6. a— b+ c > 0 for all à4 2 0, $9 2 0 if and only if 
(1) Ax 0, AsV Ag + Azv A « 0; 
(2) Ag < 0, Az < 0, Ag + A4 + As + 2 A, Ao > 0; 


(3) A> 0, 
|As vA == Ατν Λι] < 2 Ai Ao(A3 + Δι + As) + 2A; AoW Ay Ag and 


(i) -2νλτλο € Ag + Ag+ As € 6A, Aa, 
(it) As + A4 + As > 6 A4A2 and 
As VAa + Ap / A < 2 / Ar A2(Az + A4 + As) — 2A, A2 VM Aa, 


where A — 4(12ΛιΛο — 124647 + (A3 - A4 - ^5)2)? — (Τ2ΛιΛο(Λα +A4+ 
As)+36AgA7(A3+A4+As5)—2(A3 +44 +45)’ — 1084142 — 1084242)’. 
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Proof. From the equations (8) and (9), it follows that 
a — b c c —A191 + A263 + (As + A4 + As) b7¢5 
— 2Λοφϕ]φα — 2λτφὂφι 
=f ($1, $2) = aod} + αιϕφίφα + ard} $5 + a30103 + a4d3, 


where αρ = Λι, αι = —2 A6, a2 = Ag + Aq + As, ag = --2Λ-, ag = Ao. 
Then an application of the co-positivity of quartic form (4) (Lemma 
1) yields that the sufficient and necessary conditions of the inequality 
a—b+c>0is 


(1) A< 0, -2Λλον Ag — 2A7V Ao > 0; 
(2) —2Ag > 0, —2A7 > 0, Λα + Ag+ As 4-2 / A4 AQ > 0; 


(3) A> 0, 
σον | < 4V Aa (Ag A4 + A5) + 24142 VA Az and 


(i) —2VArAz < As + A4 + As < 6A, 


(ii) A3 + Ag+ As > 6 / A4 AS and 
"Dad Na = μη ο Ma No CR SEA ONE Ye UA IH 


'The required conclusions follow. 


Similarly, the following conclusion is easy to be showed. 
Proposition 7. a+b+ c> 0 for all φι > 0, $9 > 0 if and only if 
(1) ^ € 0, hev/Aa «Εν > 0; 

(2) Λο > 0, Az > 0, Aa + A4 + As -2// A1 Aa > 0; 


(3) A> 0, 
[Ag VA = Δ-ν Λι] < ον M4 Ao(A3 + Ag + As) + 2A, A» Ay Ao and 


(i) -2νλιλο < Na + Ag+ As € 6VAj Ag, 
(it) A3 +44 + As > 6/ A, Ao and 
As VAa + N/A > —2/ Λιλο(Δα + Aa + As) — 2Ay Ao / M Ad. 


Combining Propositions 4 (1) with Propositions 5 (1) and 7, the 
following results are easy to obtain. 
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Proposition 8. A+ B+C > 0 for all $1 > 0, ¢2 > 0 if and only if 
A3 + 2ν Ay Ag > 0 and 
(1) A< 0, A6 y Ag+ Ary Δι > 0; 
(2) Ag > 0, A7 > 0, As + A4 + As + 2V Ai Ag > 0; 
(3) A 2 0, 
λεν A2 — Az / Mi| < ΣΥ Ai Ao (As + A4 + A5) + 2A, A2 V A140, 
(2) — 24/ A142 < Ag+ A4 + As € 6V Aj Ao, 


(it) A3 + A4 + A5 > 64 Ay Ag and 
Ag Ag+ Az / A12 —»/ AyAo(As T Aq + A5) — 2A, A2 V M A3. 


Simultaneously applying Proposition 5 (1) and Proposition 6 to 
Propositions 4 (2), the following results are easy to obtain. 


Proposition 9. A — B +C > 0 for all $1 > 0, ¢2 > 0 if and only if 
Aa + 2ν Ay Ag > 0 and 
(1) A< 0, A6 y Λο + τν Δι < 0; 
(2) A6 < 0, A7 < 0, A3 + A4 + As + 2V Aj Ao > 0; 
(3) A 20, 
μμ An ασ ποσο Dv o Aa 
(i) = 2//MAz < As + A4 + As < OV ATA, 
(ii) ΔΑ + A4 +45 > 6j Ay Ag and 


AsV A2 +A7zV A1 < ΣΥ Ar Ao(As + A4 + As) — 2A, A2 V Ai Ag. 


By combining Propositions 2 with Propositions 3, 8 and 9, we easily 
showed our main result, Theorem 1. 


The proof of Theorem 1. It follows from Propositions 2 and 3 that 
Vi(®1, Φο) > 0 if and only if 


A3 + 2V A, Ae > 0, As + Aq — As + 2V Ay Ag > 0, 
A-B+C>0, (11) 
A+B+C>0. 


Propositions 8 (2) and 9 (2) mean that 


Ag = Az = 0, A3 + 2V A; Ag > 0, A3 + Ag+ As + 2,/ Ay Ap > 0, 
The above several inequalities together is equivalent to 


Ag = A7 = 0, A3 + 2V Ay Ag > 0,A3 + A4 — |As] + 2\/ MA» > 0. 
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This obtain (1) of Theorem 1. 
The two inqualities A — B + C > 0 and A+ B + C > 0 imply that 
there is contradiction between Proposition 8 (1) and Proposition 9 (1), 
and so, it can not hold. 
By Propositions 8 (3) and 9 (3), (2) of Theorem 1 follows easily. 


5 Conclusions 


In summary, we prove the analytical sufficient and necessary conditions 
of the BFB conditions of 2HDM potential with explicit CP conserva- 
tion. At the same time, for a 4th-order 2-dimensional symmetric tensor 
A(p, x£) = (αιμα) (3) with two parameters p € [0,1] and x € [-1,1], 
the co-positivity is proved. 


6 Some remarks 


(1) When Ag = A7 = 0, Theorem 1 coincides with the corresponding 
conclusion of Refs. [3,9-15]. That is, V“? (94, 5) > 0 if and only if 


Ay > 0,42 > 0, A3 + 2V A142 > 0, As + Ag — |As] +2V A14 > 0. 


(2) In terms of the eigenvalues of a 4 x 4 matrix, Ivanov [6] gave the 
sufficient and necessary conditions of the BFB of CP conserving 2HDM 
potential, but not analytic. It is not clear how to do this analytically, 
and this may be slow to implement numerically. Our conclusions is an- 
alytic for the CP conserving potential, which are easy to code up, and 
presumably faster to run, for the large scans of the 2HDM parameter 
space which often take place in the literature. 


(3) For the BFB of CP conserving 2HDM potential, Kannike [7] 
presented a sufficient condition (Eq. (88)) by means of Lagrange mul- 
tiplier, which is not completely analytic. Recently, Bahl et al. [18] gave 
a stronger sufficient conditions (Eqs. (5.20) and (5.21)) for the BFB 
of CP conserving 2HDM potential using Ulrich and Watson’s result 
(Eq.(30)) [34]. In this paper, we use the optimizing version (Lemma 
1) of Ulrich and Watson's result to yield the analytic expression of the 
BFB (For the more details about Lemma 1 see Refs. [20, 33]). For 
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example, 

Ay = Ag = 1, A; = —1, Aq = 2,A5 = —1, A5 = 1, Ay = —1. Then, 
Ag +2V A14 = -1+2>0, 

Ag + Ag — As + 2V A1 Ag = —1 + 2 — (—1) +2 > 0, 

Ag + A4 + A5 +2V A142 = —1 52-1-2320, 


[Δον 32 Ale 2 < 24/ Ar Ao (As + Ag + As) - 241 Ao V/ o — 23, 
— 2ν/λτλα = —2 < Ag + A4 + As =0 < 6 / AA = 6, 

A = 4(12A1A2 — 124647 + (Aa + A4 + As)?)? — (Τ2Λι No (Na + A4 + As) 

+ 36AgA7(Agz + A4 + As) — 2(Aa + Ay + As)? — 1084142 — 108A2A3)? 

= 4(12 + 12 + 0)? — (0 — 108 — 108)? > 0. 


That is, these parameters meet Theorem 1 (2), which means /η(Φι, $5) > 
0. However, they can't satisfy the condition Eq. (5.20) of Bahl et.al. 
[18], i.e. 


3V/ Ai Ag — (As + |A4| + |A5]) = 3-2 5 0, 


A 

Vii + As — (Ad Isl 4 Asi 23) 17 1- 1:4) <0, 
ij Δι 

VAA + As — (Ai + As| + 4 Arif 53) 1-2 1- 144) <0. 
2 


(4) The quartic part of such a 2HDM potential is the following 
γιίφι, Φο =A (8781)? + Λο(ΦὂΦο)᾽ 
ο Απο 
A AZ 
> ($193) b 3 9391" 
+ ($19,)(Ac0105 + A5050,) 
+ ($505)(Az0105 + A059) 
—hió1 + A203 
+ (As + Aap? + p? (ReAs cos 20 + ImAs sin 26)) 6763 
+ 2p(ReAg cos 0 + ImAg¢ sin 0)¢3¢2 
+ 2p(ReA; cos 0 + ImA; sin 0) ¢3¢). 


+ 


(12) 
Let x = cos 0 and y = sin. Then the general 2HDM potential have 
three parameters about ‘angles’, (p,x,y) with 2? + y? = 1. So the 
argument approach of Theorem 1 may not be applied directly to the 
general 2HDM potential. How to revised this approach, which deserves 
further study and perfectness. 
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Appendix 
The proof of Propositions 8. (1) C > 0, i.e. 


C = Aidt + Λοφὸ + [As + (Aa — As)p?]o1$ > 0. 


which is equivalent to the co-positivity of 2x 2 matrix M = (mij) with 
its entries, 


1 
mi = Λι, m22 = Ag, m42 = M21 = 3 ^s + (A4— As)p”]. 


That is, A3 + (A4 — As)p? + 2\/A, Az > 0. Therefore, this is equivalent 
to ——À 
Ag + A4 — Ag + 2V AL Aa > 0, 


NOL S Ks > 0. 
(2) From the equation (5), it follows that 


B — 2A = 2(Aed1 + Λτφὸ — 2Λδρφιφο)ρφιφο, 
B+2A = 2(NoQ + Ards + 2Λερφιφο)ρφιφο, 


and hence, 


B —2A € 0 & --Λοϕϊ — A743 + 2Λδρφιφ» > 0, 
B+2A>0@ Λοφί + A743 + 2Λδρφιφ» > 0. 
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Thus, B — 2A € 0 is equivalent to the co-positivity of a matrix M = 
(mij) with its entries mi; = —Ag,m22 = —Az,mi» = m»i = Asp. 
From the co-positivity of 2 x 2 matrix, it follows that 


B-2A<0 Ae <0,A7 € 0 and Asp + v AgAz > 0. 
Similarly, we also have 
B+2A > 0 & Ag 2 0, A7 > 0 and Asp + V AgAz > 0. 


Thus, the inequalities —2A < B < 2A imply that Ag = 0, A7 = 0, A5 > 
0, i.e., B=0,A > 0. The required conclusion follows. 


The proof of Propositions 5. (1) It is obvious that 
c= Aig} + A203 + Aaó193 > 0, 
is equivalent to 
Ag > 0, 83 > 0, Ag E Av > 0. 
(2) It follows from the equations (8) that 
b + 2a = 2(Λοφί + Ατφὸῦ + (Aa + Λο)φιφο)φιφα, 


2a — b = 3(--Λοϕ] — Λτϕ) + (A4 + Λο)φιφο)ϕφιφο, 


and hence, 


b+ 2a > 0 ΛοΦ] + Λτός + (A4 + As) $162 > 0, 
b < 0 Noo} + Άτφ2 < 0. 


So, we have 


b+ 2a > 0 Ag > 0, Az > 0, (A4 + Λο) + 2γ/ΛοΛτ 20, 
b<0 Ag < 0, A7 € 0, 


and hence, Ay + A5 > 0, Ag = 0, A7 = 0, i.e., b = 0,a > 0. 
Similarly, (3) is also showed easily. 
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